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A PARAMETRIC INVESTIGATION ON AEROELASTIC
BEHAVIOR OF AN AIRFOIL IN STEADY FLOW
EDWARD J. FELTROP
Department of Mechanical and Aerospace Engineering
and Engineering Mechanics
University of Missouri-Rolla

ABSTRACT
A parametric study is performed to investigate the influence
of a number of aerodynamic, inertia and damping parameters upon the
dynamic response of an elastically-supported rigid wing in steady
flow.
The dimensionless equations governing the vertical and
angular motion of this wing are solved by an interactive computer
program which facilitates the systematic analysis of the effects of
changes in these parameters upon the dynamic response of the
system.
This investigation demonstrates the coupling of the
vertical and angular motion of the wing, and illustrates the strong
influence of damping, spring stiffness, initial spring deflection,
and initial angular velocity upon the behavior of the system.

INTRODUCTION
Birds and insects fly by means of a complex combination of
pitching and plunging of their wings.
Similarly, fish propel
themselves through water by pitching their tails.
In both cases
complex motions are performed to develop controlled, separated flow
structures which produce propulsive aerodynamic or hydrodynamic
forces[1][2].
In recent years numerous researchers have studied
various unsteady separated flow configurations, most of which have
been generated by either pitching or plunging an airfoil subjected
to steady flow[3][4][5].
The generation and control of such flow
structures
could have a dramatic impact on the performance of
aerodynamic and hydrodynamic vehicles.
This paper attempts to expand upon the previous research by
studying the dynamic response of an elastically-supported airfoil
in steady flow.
An understanding of the system's aeroelastic
behavior is an essential precursor to the practical investigation
of the vortex structures which it generates.
A computer program
utilizing a simplified numerical model was developed to estimate
the rotational and translational motion of this airfoil. Through
this program it is possible to investigate the influence of
damping, spring stiffness, initial spring deflection, and initial
angular velocity upon the aeroelastic behavior of the system.
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Fig. 1

An Airfoil mounted on translational
and rotational supports
GOVERNING EQUATIONS

The wing model depicted in Figure (1) is supported by
translational and rotational springs with stiffness coefficients of
kz and ka, respectively, and is subjected to a flow velocity of U*,.
Damping for the translational and rotational motion is expressed in
terms of the damping coefficients cz and ca. The length a denotes
the rearward distance from the aerodynamic center to the axis of
rotation of the model. In static conditions, the model rests at an
angle of a0 from the horizontal, with its rotational axis located
at a height of z = 0.0. With the assumption that the wing model is
a flat plate airfoil with infinite aspect ratio, the equations
governing the vertical and angular motions of this model may be
written as[6]
m d2z / d t 2 * - c zd z /d t - kzz + l / 2 p c 1SUm
ijuii+ (d z / d t )2

(1)

J d2a/dc2 - -cada/dt - k9a + l/2apc1SUm\ju*+ (dz/dt)2

(2)

Since the parameter space of this problem is large, the analysis is
simplified by combining the numerous parameters into groups of
flow, geometry, time, stiffness, damping, and inertia parameters.
With this, the second order governing equations (1) and (2) may be
rewritten as four first order ordinary differential equations. This
will lead to the following dimensionless equations:

DZ/DT- V

(3)

DV/DT» - (2k )2Z-CzV+Ac1UjU2*V2

(4)
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Da/DT = Q

(5)

DCl/DT = - ( 2 * ) K ma - C.Q + AMC1U<jU2* V i

(6)

where A and M are the dimensionless aerodynamics and inertia
parameters,C2 and Ca are the translational and rotational damping
parameters and Ka is the rotational stiffness parameter. Equations
(3) through (6) were numerically integrated using the fourth order
Runge-Kutta Method. For a complete derivation of these equations,
the reader is referred to the study by Finaish, et al[6] .

NUMERICAL RESULTS AND DISCUSSION
This section presents examples of the influence of several
physical parameters upon the general behavior of the system.
Although the treatment of these motions is essentially qualitative,
the following default parameters clarify the relative scope of this
investigation:
U.
K
K
cz
a
S
m
I

=
=
=
=
=
=
=
=
=

8.00
1000.00
2.00
1.00
0.05
0.05
0.07
2.00
0.30

m/s
N/m
N m/rad
N/m s
N m/rad s
m
m2
kg
N m

aQ is given in each of the following charts as STATIC ALPHA.

Influence of Initially Deflected Translational Springs:
Figure 2 depicts the response of the system to an initial
translational spring deflection of z0/c, with a neutral angle of
attack of zero.
The rapid decay of translational amplitude shown
in Figure 2 (a) , (c) , and (e) is the result of both the high
translational spring stiffness and the differences in frequency and
phase of the vertical and angular motions.
The only apparent
effect of the vertical motion upon the rotational motion is the
small degree of instability shown on the curves in Figures 2 (b),
(d), and (e) during the first two seconds of the time interval.
These small perturbations are also the product of the phase and
frequency differences between the translational and rotational
motion of the model.

Influence of Initial Angular Velocity:
The initial angular velocities considered in Figure 3 produce
large rotational deflections, but the translational deflections are
relatively moderate. The vertical and rotational oscillations have
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Pig. 2

(c)

Fig. 2 (d)

S0/C = 0.656

2 0/c

s 0.656

the same frequency, and are essentially in phase, although the
change in effective angle of attack due to the model's vertical
velocity may result in a small shift in the phase of the angular
oscillations.
This phase shift and the assumption that the model
stalls at an angle of 12° are the main sources of the secondary
vibrations shown in Figure 3 (a) , (c), and (e) .
The decay of
vertical and rotational amplitude are due primarily to vertical and
angular damping.
Influence of Angular Damping:
Figure 4 illustrates the manner in which an increase in the
angular damping causes the amplitudes of the vertical and
rotational oscillations to decay, along with a very gradual decay
in vibrational frequency. Vertical and rotational oscillations
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maintain the same frequency and phase throughout this sequence.
The early translational instability is related to the relatively
high translational spring stiffness.

An Example of Ragulated Harmonic Motion:
The time sequence shown in Figure 5 (a) and (b) depicts a wing
which begins to flutter as its angle of attack converges upon the
wing's stall angle of 12° (after approximately 12 seconds).
In
Figure 5 (c) and (d) , the tendency to flutter is forestalled by
increasing the rotational spring stiffness.
As a result, the
vibrations in Figure 5 (c) begin to show a periodic beat structure.
In addition, the frequency of rotational oscillations in Figure 5
(d) is reduced slightly.
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For Figure 5 (e) and (f) both the rotational spring stiffness
and the rotational damping have been increased, producing a very
clear beat in the translational oscillations. The frequency of the
angular oscillations in Figure 5 (f) has been further reduced to
that of the translational oscillations in Figure 5 (e) , and both
are in phase.
Consequently, the maximum vertical and angular
deflections occur simultaneously.
It is interesting to note that
the number of vertical oscillations per rotational oscillation in
Figure 5 (e) and (f) corresponds to those of Figure 2 (e) and (f).
Although the calculated dynamic response visualized in Figure
5 (e) and (f) is dependent upon the assumption that the wing's lift
varies linearly, and that it stalls abruptly at a - 12.0°, the
predicted response agrees qualitatively with results obtained with
the experimental setup described by Finaish, et al[l].
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Influence of Translational and Rotational Spring Stiffness
The primary results of an increase in translational spring
stiffness are a small increase in vertical oscillation frequency,
smaller vertical deflections, and a reduction in the time needed
for the vertical oscillations to diminish.
Angular motion is
essentially unaffected by the increasing translational spring
stiffness, with the exception of a very slight damping due to
differing phase and frequency between the vertical and angular
oscillations.
In the case of the rotational spring stiffness, an increase in
stiffness leads to an increase in the frequency of angular
deflections, a decrease in their magnitudes, a decrease in the
difference between the neutral angle a0 and the angle of attack to

19

which the system eventually converges, and a decrease in the
magnitude of the translational deflections.
In addition, the
instability shown in Figure 4 (a), (c), and (e) is present in the
early translational oscillations.

CONCLUDING REMARKS
In general, the effects of the wing model's translational
motion have only a small impact upon its angular motion, with the
exception of the case in which the model is released from an
initially deflected position of the translational springs. On the
other hand, the model's angular motion is quite important in
determining the dynamic response of the system. This is due to the
fact that the forcing functions of the equations governing this
system are the aerodynamic lift and pitching moment, which are
strongly dependent upon the model's angle of attack. Subsequently,
the parameters to which the system is particularly sensitive are
those which regulate its rotational motion, such as angular damping
and spring stiffness.
In addition, numerous parameters affecting
the manner in which the model's motion originates have a strong
initial impact upon the system's behavior.
The results obtained with the formulation utilized in this
paper are somewhat limited by the simplified numerical model used
to calculate the wing's lift.
For this reason, most of the
parametric studies were restricted to small angles of attack.
However, the aeroelastic response depicted in Figure 5 (e) and (f)
shows reasonable qualitative agreement with experimental results.
In order to understand how propulsive unsteady separated flow
structures may be generated and controlled, it is first necessary
to develop an understanding of a given system's dynamic response.
The interactive program developed for this investigation provides
a convenient and inexpensive means of rapidly approximating the
effects of a parameter change upon the aeroelastic behavior of the
system.
This then allows the wind tunnel investigations to be
limited to configurations which are predicted to generate the
desired dynamic response.
A wide variety of response modes are
obtainable through the appropriate selection of physical parameters
regulating the system's behavior.
The next logical step in the
refinement of this investigation would involve the development of
a numerical routine to calculate the nonlinear unsteady lift. By
removing the assumption of linearly-varying lift, the numerical
results should become even more indicative of actual system
response, making this program a valuable tool in the investigation
of aeroelastic behavior.
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NOMENCLATURE

A

Dimensionless aerodynamic parameter = plcS/(2m)

a

= Rearward distance from aerodynamic center to elastic axis

a

= Wing angle of attack
Static (neutral) angle of attack

<*o
C2

= Wing chord length
Dimensionless translational damping constant - cz/(m/tc)

Ca

Dimensionless rotational damping constant = c j (I/tc)

C,

Wing lift coefficient

cz

Translational damping constant

c«
da

Rotational damping constant

c

= Induced angle of attack
d/dt = First derivative with respect to time
d2/dt2= Second derivative with respect to time
D/DT = Dimensionless first derivative with respect to time
Gravitational acceleration
g
I

Wing mass moment of inertia

Kz

Dimensionless translational stiffness constant = kz/(m/tc2)

Ka
*z
K

= Dimensionless rotational stiffness constant = ka/(mlc2/tc2)
Translational stiffness constant
Rotational stiffness constant

lc
M

= Characteristic length = mg/kz
Dimensionless inertia parameter = malc/I

m

= Wing mass

P
S

Air density

t

Time

tc
T
U.
U
V
V

Wing area

= Characteristic time = 2njm/ke
Dimensionless time = t/tc
= Free stream velocity
Dimensionless velocity in x-direction = U^/Wc
Dimensionless velocity in z-direction = v/wc
= Vertical flow (wing) velocity = dz/dt
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wc

= Characteristic velocity = g / 2njm/kz

Z

= Dimensionless vertical position

z

= Vertical position

z0

= Initial vertical position with displaced spring

gj

= Angular velocity of wing = da/dt

cd0

= Initial angular velocity wing = da/dt

fl

= Dimensionless wing angular velocity = w/(l/tc)
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